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Today .

a. Basic theory of divisors on a curve
- Weil vs Cartier
- pullback of divisors

• AT theorem
- Picard group
- Abel-Jacobi theorem for elliptic curves .



§1
.

Basic theory of divisors .

Divisor = "

cod'Tm = 1 subspace of X
"

Q

(1 . 1) Weil divisor

X : connected , nonsingulan, complete curve 11C
⇒ K EX closed point OX.sc is DVR

.

Def (Weil divisor )

. Div(X) = { Ini pi / Pi EC closed pt , niEZ}
- deg : Da (X) → E .

In .
-pi o- Eni

↳ Huge

Let KCX) - function field of X . Then there is

a canonical isomorphism
KCH = Frae ( O Xix) .

Let up : KCH → Z be the valuation
. 7

( f ) := I, Lp Cf ) . p

"

leading order of
PEX f hear p

"



Def If D=Cf)
,
it is called a principal divisor

Def Aol Xl : = Dtv CX) In D -D
'
if

↳ This is still huge D -D
'
= Cf)

.

( 1.2) Cartier divisor
.

↳ local defining equation .

Let k # = sheaf of rational functions . on X .

(so it is the constant sheaf of KCXI 1
We have an exact seq .

•→ 0¥ - KE - kilo; → o
HI

o → How# I → Hock# I → Hoc K¥10 EH ' → o

11 11 11

¢* . .

KCXI PicCX)



Def A Cartier divisor is an element of
TeHo K¥10

.

D =L Cui .fill ,

where LU il : open cover of X
.

f-i E K*(Ui) St fi Ifj E O
* CU inUj ) .

Det D is a principal divisor if it is an Image of
Ho C KE ) → Ho C K¥105 )

.

From the sequence #I

Pic CX) E HTK¥0 Hock

In practice , for D= { (vi. fill C-HOCK# 10¥ )
.

OCD) lui '-= E
'
0×1 u;

a Kiwi ) -



(1.37 Comparison .
We have a map

HE k¥10; )→ Dam

sending
D= { Cui .fi ) ) - I, UpCfi ) p .

This Ts well -defined because ifpfuinuj.fi/fjEG*CUi.nUj) ⇒ Up Cfi) = Up Cfj ) .

Moreover it sends (principal divisor) →(principal dread
hence

pic CX ) → AoCX)

Props The comparison map Is an isomorphism .

Pf) [ Hartshorne ,
I. 6.117 Ex

How this works ?



Let p c-X .

We associate a line bundle Ocp) :
for U E X open ,

Ocp) (O ) = { f- C- KTV) / Y,Cf) t Sp 30
, V-xc.tt/

here 8pm = f 1 if p=x
U lol

o otherwise

⇒ Ocp) is an invertible sheaf . ( Gopi -70C- p) !
m

If D= I
'
ni pi C-Dirk) , we takeF-I

M

OCD) : = Ocp ..)
④hi

I =/ •

Let's say little more about O Cpl ÷

It has a canonical section Spf Ho (0×91)
Sot Csp) =p .

To : Sp Etf ( Q, Cpl) ⇐ Sp : Ox - Ox Cp)

Any f E 0×10) satisfies VxCf) t Sp Gc) 70 ,



A-SIDI : Degree of a line bundle
We saw two ways to compute degL .

① Choose a nontrivial meromorphic section
.

S of L
.

Then

deg L = Cs ) E Z

② Use the exponential sequence :

thx
.

I thx. E)
deg L :- all) n[X] EHokE)

1 IS

E

ELAINE ① = ②

One way to prove this statement is to
use

c, CL) = e (LR) Etf ( X . Z)
LIR : real oriented rankor ⇒ vector bundle
e Cllr) : Euler class

,

of Lor



The proof almost immediately follows tf
you know the definition of the
Euler class C & Thom Bom )

.

HE Justify CLAIM by yourself .
↳ See [Bolt - Tu]



(1.43 Pullback of divisors
.

f : X → Y nontrivial morphism btw curves !Q

Def deg f -

- [ KCXI : KCYI ]

We will define f 't : Daily) - Div (Xl as follows
Let q EY ,

t E OY
. q i uniformize ie (t) -- Mg

and Vath -- 1 . ← local defining equation of 9 .

Def f 't g : - I up ft) p
f-Cp) -- g

→ linearly extendto Dirty) f*-Da CX )

Prof deg @*D) = degf . deg D
.

Pf ) (Hartshorne
,
It . Prop 6.9 ] I

⇒ Outside 9 , - - - ar EY
,
fis degf :L Map.



Cos If D E Div CX) is a principal divisor , then

deg (D) =O

Hence deg : Ao (x) → It .

Pf) D= Cfl . f KIX)
.

It Induces

F :X→ Ip
'

St F
* ( o - b ) = (f )

,

dog = deg f-*Co -re) = deg F - deg (o- -2=0 .

LF

a-



Let's do one example .

Props Let 831 , p . q E X .
Then

p - q Iff P - g
.

Pf) Proof by contradiction . Suppose 7- ptg sit

p - q . ie Ocp) EOG) . Then

¢ Csp . Sq) e Ho (Ocp ) .
where Sp & Sg : linearly Independent .

f : X → R
'
[ Spfzl : Sg Cz) ]

.

Then deg f = I EA K CX) = Gct)

⇒ X =pr f

-



§2
.

Abel -Jacobi theorem
.

G. n) Picard group
* X = curve I

Let

Picon Ker ( Pic ⇐ Z )
= kerf H ' (0¥) thx .Z) )

.

From the exponential sequence , we have

H'CoE)→ H' Cx.# →H' ( x. ox) -H' coil HEX .#I

we have Pico CX) = H' ( X. 0×11 H' CX . ZY
.

a-

The Abel -Jacobi theorem says that

KCXY Divo CX)#Jack)

Is exact . This Is equivalent to say
that :



(9) DTuo (XI→DivoCX) fu =P;coCX)

as ! IAI
Jack,

←

(991 AJ is injective .

Later we will see that AJ is surjective too .

a-



G.2) Picard group of elliptic curves

Let CE , Po ) be a pointed elliptic curve .
Let u : E → PicoCE)

, p to Ocp- Po )

Prof u : ( E
. Po ) → RICE) is an isomorphism

Pf) . Infectivity ✓
-

SurjectTvityi.LetLEPicoCEJ.LCpofL@OCpo3.h° ( L Cpo) ) - h
'

Cupo)) = deg kph -11 - g =L .

By the Serre duality , g deg so

h'llCpo) ) = how C-poll = o
.

Choose a section SE Ho CLCpd) . Then
S
-'
co) =p for some PEE

and L Cpo) = Ocp) .

So L E Ocp - Po) . K

To finish the proof , you need to construct the
inverse morphism .

(or argue directly ) .

FA



(2.3) AJ for elliptic curves .
In the next lecture , we will see that

Im CdTv) E Ker (AJ)

is simple . We will prove (2) when X -- E .

If AJ(D) =o
,

I f : meromorphic function , St

(f) =D
.

D Jacobi O -function .

Let A. - Z Ot ZT .
I C-HI

,
E -- QLA

.

• If f : G- Q holo . fen ,
A- - periodic ,

F-const
.

• But we can weaken the condition sltghtty
to get an interesting fans .

Def f- Cz ; z) = I @
"i (n't +2hZ)

.

z e q
NEZ

"

Jacobi -0 function
"



Checky Elzie ) converges absolutely & uniformly
on any compact subset C Cl .

QQ 's t) satisfies the elliptic transformation rules :
• QAtl ;t) = Q CZ; t)

• -0 (Zte ; z ) = I e
(NC -1 2hHtt) )

=I @
Ii ( ch-1422 -12cmthz -e -zz)

.

= e-
Ti CT +ZZ ) ① (z j e)#

0

to



We can study the zero locus of O Cz ie)
via the argument principle . t elliptic transform

law
.

Let D c ¢ : fundamental domain
.

LtT *

1-die

no zeros lie on 8D .

CHECK :
-

D' kit ) dz(# of zeros in D ) = 2¥ fzp
= I



zo
'

ft ; e)
Zero lows of O = 2¥ ↳- de

Q Cz ; t)

= t 2
.

A Proof of AT theorem
.

Let Pa - - - Pr
,
9 . - - - 9 r E Cl St

[ pi
- I 9g = m tht ETI

.

It is equivalent to say that corresponding divisor
satisfies

Aj ( Ep; - Iq ;) = 0

Let to Cz - P; -⇒
¢ (Z) = T- i

RMfCz - 9; - ' )F- i



Lemmy ( 91 4CZt7) = 4ft)

(997 4 Czte) = ethic -2 Pi
-29;

)
yfz,

= @
Thine

y (z)
,

B

Proof of Ker ( AJ) E Im ( da )
.

:

Let THI -- e
- Zaim

4G) . They

• of c- KCET

• dirty) = EP; - -29J
.


